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Background



Attention in Transformers [vaswani et al. ’17]
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Attention Is All You Need
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Attention: Training

L : sequence length

d : hidden state dimension
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Attention: Training
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d : hidden state dimension
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Attention: Training

L : sequence length

d : hidden state dimension
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Attention: Training

L : sequence length

d : hidden state dimension

O(L*d) O =AV e RM>d

O(L?%d) A =softmax(QK' ® M) e REF*L

O(Ld*>) QK,V=XWgo XWy XWy

X e RLx*d

Attention: Number sequential steps
is independent of sequence length!



Attention: Training

Attention requires O(L?d + Ld?*) work but can be done in O(1) steps
— Parallel training that is rich in matmuls.

O(L?d) O = AV ¢ RLxd

O(L2d) A = Softnrlausc((;)KT OM) e RLXL 5 | |
- Attention: Number sequential steps

is independent of sequence length!

O(Ld*>) QK,V=XWgo XWy XWy

X R



Attention: Generative Inference
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Attention: Generative Inference
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Attention: Generative Inference
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Attention: Generative Inference ?Tt

Attention Layer

FNN Layer

Attention Layer

FNN Layer
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Attention: Generative Inference
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Attention: Generative Inference
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Attention: Generative Inference

Need to keep around “<V-cache”

t T
- exp(q; k;) that takes O(L) memory.
> ; Zle eXp(thkl) o ( )

qi, k¢, ve = ill‘tWQ, Wk, ¢.Wy
Value V E E Ei E

Query Q




Attention

Training (“Parallel Form”)

O = softmax ((QKT) ® M)V

Inference (“Recurrent Form”)
22:1 exp(qtkz)'vi
E::l eXp(qt sz )

Oy =

Compute O(L%)
Memory O(L)

Steps O(1)

O(L?)




Attention

Training (“Parallel Form”) Inference (“Recurrent Form”)
O = softmax ((QKT) ®M)V 0, = Zf? eXp(qtkIZ’Uz’
2 i—1exp(gik; )
Compute O(L*) ©® o(L* ©
Memory o(L) © o) &
Steps o1 @© O(L)

Attention enables scalable training of accurate sequence models, but requires:
» Quadratic compute for training.
o Linear memory for inference.



From Softmax to Linear Attention [Katharopoulos et al. '20]

Softmax O = Softwmax ((QK') © M)V
Attention
(Simple) Linear 0= ((QK) o M)V

Attention



From Softmax to Linear Attention [Katharopoulos et al. '20]

Softmax O = Softwax ((QK') © M)V
Attention \\‘
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(Simple) Linear 0= ((QK) o M)V
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From Softmax to Linear Attention [Katharopoulos et al. '20]

Training (“Parallel Form”) Inference (“Recurrent Form”)
Softmax O — soft K)o M)V o exp(g; ki)
Attention softmax ((QK) ) t =1 S exp(a; kz)vj
. . t

Attention —




Linear Attention: Inference

01 = Z(qzkj)’vj



Linear Attention: Inference
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Linear Attention: Inference
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Linear Attention: Inference
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Linear Attention: Inference

Value V
Query Q

¢

T T T

O; = E (g, kj)v; =q, E :kjvj
j=1

\ - >

StERdXd

St = St—l -+ kﬁt’UZ

N
~
000
0 00)
[000)

Ot = qZSt

|OOO%%A’




Linear Attention: Inference

Value V
Query Q
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Linear Attention: Inference
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Linear Attention: Inference
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Linear Attention: Inference
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: : Query Q
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Linear Attention: Inference

Value V

: Query Q
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Linear Attention = Linear RNNs with
matrix-valued hidden states
— Constant-memory inference!
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Linear Attention

Training (“Parallel Form”)

O = ((QK')oM)V

Inference (“Recurrent Form”)
t

or =Y (q,k;)v;

j=1

Compute O(L%)
Memory O(L)

Steps O(1)

O(L)




Linear Attention: Naive Parallel Form

Training (“Parallel Form”) Inference (“Recurrent Form”)
0= ((QK')oM)V 0y = ﬁ;wll«j)vj
Compute o(L* © orL) ©
Memory o) © [0(1) ©
Steps o1) © O(L)

Linear attention has constant-memory inference, but still requires:
« Quadratic compute for training.
« (Can theoretically use recurrent form + parallel scan for O(L) compute and
O(log L) work, but this is not at all practical.)



Linear Attention: Why don’t use recurrent form for training?

Recurrent form is slow in training

© Strict sequential computation, lacking sequence parallelism.



Linear Attention: Why don’t use recurrent form for training?

Recurrent form is slow in training

® All operations are either elementwise addition/multiplication or reduction,
lacking matmul ops -> cannot leverage tensor cores.



Linear Attention: Why don’t use recurrent form for training?

Recurrent form is slow in training

® Requires materialization of each time step’s hidden states
o High I/O cost due to large hidden state size



Linear Attention: Why don’t use recurrent form for training?

Why don’t use parallel scan?

©-Stristseerentia-eomprtationacking-seetence-parahehism:

@ All operations are either elementwise addition/multiplication or reduction,
lacking matmul operations -> cannot leverage tensor cores.

® Requires materialization of each time step’s hidden states



Linear Attention: Why don’t use recurrent form for training?

Why don’t use parallel scan?

« Requires materialization of each time step’s hidden states
© Mambal reduces I/O costs by keeping all hidden states in SRAM



Linear Attention: Why don’t use recurrent form for training?

Why don’t use parallel scan?

« Requires materialization of each time step’s hidden states
© Mambal reduces I/O costs by keeping all hidden states in SRAM
m Due to the limited SRAM size, it is hard to scale up state size



Linear Attention: Why don’t use recurrent form for training?

Why don’t use parallel scan?

« Requires materialization of each time step’s hidden states
© Mambal reduces I/O costs by keeping all hidden states in SRAM
m Due to the limited SRAM size, it is hard to scale up state size
e State expansion is important for RNNs
o Mamba2, HGRN2, RWKV5/6, etc



Linear Attention: “Chunkwise Parallel Form” [Hua et al. 22, Sun et al. 23]

Pure RNN -
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Linear Attention: “Chunkwise Parallel Form” [Hua et al. 22, Sun et al. 23]
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Linear Attention: “Chunkwise Parallel Form” [Hua et al. 22, Sun et al. 23]
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Linear Attention: “Chunkwise Parallel Form” [Hua et al. 22, Sun et al. 23]

Third step: output computation
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Linear Attention: “Chunkwise Parallel Form” [Hua et al. '22, Sun et al. *23]
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Linear Attention: “Chunkwise Parallel Form” [Hua et al. 22, Sun et al. 23]

Chunkwise parallel form interpolates between fully parallel and recurrent forms.
e C =L — Fully parallel form
e C =1 — Fully recurrent form



Linear Attention: “Chunkwise Parallel Form” [Hua et al. 22, Sun et al. 23]

Chunkwise parallel form interpolates between fully parallel and recurrent forms.

e C is set to multiple of 16 to leverage tensor cores
o Larger C

© Fewer recurrent step

© Fewer hidden state materialization
© Higher FLOPs



Linear Attention: “Chunkwise Parallel Form” [Hua et al. 22, Sun et al. 23]

Chunkwise parallel form interpolates between fully parallel and recurrent forms.

e C is set to multiple of 16 to leverage tensor cores

o In practice we use C={64, 128, 256} to make a balance
© Hardware efficient linear scaling in training length
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Linear Attention: Issues

Issue 1:
Slower than optimized
implementations of softmax

attention in practice.

Time (ms)

Running speed
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Sentence length

FLASHATTENTION-2
——— Pure PyTorch Linear Attention




Linear Attention: Issues

Issue 2: Model PPL LM Eval

Underperforms softmax

attention by a significant
margin. Linear attention with decay 18.6 48.9

(RetNet) S¢ = 7S¢_1 + ksv,

Softmax attention 16.9 50.9




Our Contributions

Issue 1:
Slower than optimized
implementations of softmax
attention in practice.

Issue 2:
Underperforms softmax
attention by a significant
margin.

—

Hardware-efficient |/O-aware
implementation of linear
attention

Linear attention with
data-dependent “forget” gate



Flash Linear Attention



FlashLinearAttention: Hardware-Efficient |/O-aware Algorithm for Linear
Attention (Nonmaterization version)

inter intra inter intra
O | Of Opi+y | Oy
-- >R - - | - /- - -|-- >H- - [ - -4 - -\ > Siit1) F1->
Qu Ky Vi Qi+ Kty Viry
(a)
Load from HBM Store to HBM On-chip construct

e Pros: minimal I/O cost
o Hidden states are kept on SRAM throughout the recurrence
m No I/O cost between HBM and SRAM



FlashLinearAttention: Hardware-Efficient |/O-aware Algorithm for Linear
Attention (Nonmaterization version)

inter intra inter intra
O | Of Opi+y | Oy
-- >R - - | - /- - -|-- >H- - [ - -4 - -\ > Siit1) F1->
Qu Ky Vi Qi+ Kty Viry @
Load from HBM Store to HBM On-chip construct

e Pros: minimal I/O cost

o Only requires loading Q/K/V from HBM once
o lIdeal for short training length where I/O cost dominate



FlashLinearAttention: Hardware-Efficient Algorithm for Linear Attention
(Nonmaterization version)

inter intra inter intra
Ou™ | O O+ | Oty
---> R, - - | - /- - -\~ - > - f - -4 - -f - -\ > Spit1) [1-~>
Qu Kp | Vi Qi+1) | Kpivyy | Vi
(a)
Load from HBM Store to HBM On-chip construct

e (Cons: lacking sequence-level parallelism across chunks
o Requires a large batch size to keep SMs busy



FlashLinearAttention: Hardware-Efficient Algorithm for Linear Attention
(Nonmaterization version)

inter intra inter intra
Ou™ | O O+ | Oty
---> R, - - | - /- - -\~ - > - f - -4 - -f - -\ > Spit1) [1-~>
Qu Kp | Vi Qi+1) | Kpivyy | Vi
(a)
Load from HBM Store to HBM On-chip construct

® Seqguence parallelism is important
o Batch size would be small in large scale and long sequence training
o SMs have low occupancy — Slow down training



FlashLinearAttention: Hardware-Efficient Algorithm for Linear Attention
(Materialization version)

Load from HBM Store to HBM

Sequential (step 1)

Sti—1F > S |~ Sti+1

]

Kitn Vin = Kii+1 Vit

Step1: Sequential state computation

e [use local state computation and state passing (i.e., step1-2 in chunkwise
linear attention) in a single kernel to minimize 1/O cost
o One pass of loading K/V and storing S



FlashLinearAttention: Hardware-Efficient Algorithm for Linear Attention
(Materialization version)

Load from HBM Store to HBM

Chunkwise Parallel (step 2)

S [ O O

Qi+ Ki+y Vi+y

Step2: Parallel output computation
e (Compute output of the each chunk in parallel based on previous chunk’s
state and current chunk’s query/key/value blocks



FlashLinearAttention: Hardware-Efficient Algorithm for Linear Attention
(Materialization version)

Load from HBM Store to HBM

Sequential (step 1)

Chunkwise Parallel (step 2)

5[, 1 - 5[, 5[;+1] S[I] Olnter Omtra

A

Kil Vi Kii+1 Vit

Qii+1) K+ Vii+y

e Pros: enable chunkwise parallelism
o High SM occupancy
o Speedup large scale training



FlashLinearAttention: Hardware-Efficient Algorithm for Linear Attention
(Materialization version)

Load from HBM Store to HBM

Sequential (step 1)

Chunkwise Parallel (step 2)

S[, 1 - 5[, 5[;+1] S[I] Olnter Omtra

//v, /’ ‘ [i+1] | ~[i+1]

Kil Vi Kii+1 Vit

Qii+1) K+ Vii+y

e (ons: Higher I/O cost and memory use
o K/V are loaded twice now; S is saved and loaded once
o Reduce memory use via recomputation in backward pass



FlashLinearAttention: Hardware-Efficient Algorithm for Linear Attention

Running speed

[
10% |
ofy | ofe oy oy .
)
E
(0} n |
== Spi—1y) F--F-A--\-- > Spu F-f--A--f-- > S[it1) F1-~> =
B 10!
Qu Ky Vi Qi+1 | Kpi+1) | Vi
100 ==
g | | -
Load from HBM Store to HBM On-chip construct 99 910 9ll1 912 913 914 915
Sentence length

FLASHATTENTION-2
FLASHLINEARATTENTION (ours)
- Pure PyTorch Linear Attention




FlashLinearAttention: Hardware-Efficient Algorithm for Linear Attention

https://github.com/sustcsonglin/flash-linear-attention

Flash Linear Attention

f@y, sashaRush &
/¥ Go Y Flash Linear Attention.

Hub | Discord

github.c

This repo aims at providing a collection of efficient Triton-based implementations for state-of-the-art linear
. P P 9 ased imp 9 It's a ridiculously impressive repo maintained by an early PhD student.
attention models.

Flash Linear Attention

Gated Linear Attention [ vodeis Jif e oiscor ]
2023- Transformers with This repo aims at providing a collection of efficient Triton-based implementations for state-of-the-art linear
GLA MIT@IBM arxiv official code attention models. Any pull requests are welcome!
12 (@MIT@IBM) Hardware-Efficient [Eri) e —— v
Training
2023 Based An Educational and
Effective Sequence blo official code
12 (@Stanford@Hazyresearch) X q Iofficssl] R
Mixer
Linear Transformers
2024~ with Learnable Kernel
Rebased arxiv official code
01 Functions are Better In- bt Ll —
Context Models
2021 Linear Transformers Are
02 Delta Net Secretly Fast Weight arxiv official code

Programmers
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Gated Linear Attention: Data-dependent Multiplicative Gate

Simple Linear Attention S, ; 1888— 388
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Gated Linear Attention: Data-dependent Multiplicative Gate

St = Gt O St—l -+ kt'vz
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Gated Linear Attention: Parallel Forms

Simple Linear Attention

O=((QK')oM)V

GLA also admits a chunkwise
————————————————————————————————————————————————————— parallel form for subquadratic,

Gated Linear Attention parallel training!
K\ T
O=| | (Q®oB) <§> OM |V
N . y

cumulative decay p, 3:H§—10‘j
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Gated Linear Attention: Decay-aware “Chunkwise Parallel Form”

bic+; bi+1)c bi+1)c
Aicyj= b-: Licts= éC: a7i+1:7(b_0) ;
i iC+j i

Second step: state passing

.
Spi+1= (1i411) S+ (KO v1) Vit
O = Qv O A1) Spay-

|
|
|
Chunk 1 | Chunk 2 Chunk 3
|
|
|
Spyp | a Sp2) - o Sp

|

00 00 00

388 388 89




Gated Linear Attention: Decay-aware “Chunkwise Parallel Form”

: . A, 2licwi o _basne | basne
Third step: output computation T e T gy T T b
Spi+1=(711) S+ (Kjiy1 OT(i41) | Vs,
O = (Qpr 1) ©Afi11])Spa-

i Contribution from
previous chunk.

000
000




Gated Linear Attention: Decay-aware “Chunkwise Parallel Form”

Chunk-level (linear) attention for contribution from current chunk

g g 3
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Gated Linear Attention: Decay-aware “Chunkwise Parallel Form”

Chunk-level (linear) attention for contribution from current chunk

8

[ee®
[ce®

OO

000
000

y

o[ com )]

d

Pij = ZQikKjkexp(logBik - IOgBjk)

k=1

Secondary chunking

O
O
O
O

level tensorcore

1
2
2

v

v

X
causal mask

Stable

®

©

©

Tensor core

©
®



Gated Linear Attention: Throughput

Tokens per second (Kt/s)
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Training throughput GPU memory usage
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Training length/Batch size Training length/Batch size
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Gated Linear Attention: Performance

Model PPL LM Eval
Transformer++ 16.9 50.9
RetNet 18.6 48.9
Mamba 17.1 50.0
Gated Linear Attention 17.2 51.1

1.3B models trained on 100B tokens



Gated Linear Attention: Recall-oriented Tasks

SUBSTANTIAL EQUIVALENCE DETERMINATION DECISION SUMMARY A. 510(k) Number: K143329 B. Purpose for
Submission: To obtain clearance for a new device, Amplivue® Trichomonas Assay C. Measurand: A
conserved multi-copy sequence of Trichomonas vaginalis genomic DNA D. Type of Test: Nucleic acid
amplification assay (Helicase-dependent Amplification, HDA) E. Applicant: Quidel Corporation F.
Proprietary and Established Names: Amplivue® Trichomonas Assay G. Regulatory Information: 1.
Regulation section: 21 CFR 866.3860 2. Classification: Class II 3. Product code: OUY - Trichomonas
vaginalis nucleic acid amplification test system 4. Panel: 83 - Microbiology 2 H. Intended Use: 1.
Intended use(s): The AmpliVue® Trichomonas Assay is an in vitro diagnostic test, uses isothermal
amplification technology (helicase-dependent amplification, HDA) for the qualitative detection of
Trichomonas vaginalis nucleic acids isolated from clinician-collected vaginal swab specimens obtained
from symptomatic or asymptomatic females to aid in the diagnosis of trichomoniasis. 2. Indication(s)
for use: Same as Intended Use 3. Special conditions for use statement(s): For prescription use only
4. Special instrument requirements: None I. Device Description: The AmpliVue® Trichomonas Assay is a
self-contained disposable amplicon detection device that uses an isothermal amplification technology
named Helicase-Dependent Amplification (HDA) for the detection of Trichomonas vaginalis in
clinician-collected vaginal swabs from symptomatic and asymptomatic women. The assay targets a
conserved multi-copy sequence of the T. vaginalis genomic DNA. The vaginal swab is eluted in a lysis
tube, and the cells are lysed by heat treatment. After heat treatment, an aliquot of the lysed
specimen is transferred into a dilution tube. An aliquot of this diluted sample is then added to a
reaction tube containing a lyophilized mix of HDA reagents including primers specific for the
amplification of a...



Gated Linear Attention: Recall-oriented Tasks

SUBSTANTIAL EQUIVALENCE DETERMINATION DECISION SUMMARY A. 510(k) Number: K143329 B. Purpose for
Submission: To obtain clearance for a new device, Amplivue® Trichomonas Assay C. Measurand: A
conserved multi-copy sequence of Trichomonas vaginalis genomic DNA D. Type of Test: Nucleic acid
amplification assay (Helicase-dependent Amplification, HDA) E. Applicant: Quidel Corporation F.
Proprietary and Established Names: Amplivue® Trichomonas Assay G. Regulatory Information: 1.
Regulation section: 21 CFR 866.3860 2. Classification: Class II 3. Product code: OUY - Trichomonas
vaginalis nucleic acid amplification test system 4. Panel: 83 - Microbiology 2 H. Intended Use: 1.
Intended use(s): The AmpliVue® Trichomonas Assay is an in vitro diagnostic test, uses isothermal
amplification technology (helicase-dependent amplification, HDA) for the qualitative detection of
Trichomonas vaginalis nucleic acids isolated from clinician-collected vaginal swab specimens obtained
from symptomatic or asymptomatic females to aid in the diagnosis of trichomoniasis. 2. Indication(s)
for use: Same as Intended Use 3. Special conditions for use statement(s): For prescription use only
4. Special instrument requirements: None I. Device Description: The AmpliVue® Trichomonas Assay is a
self-contained disposable amplicon detection device that uses an isothermal amplification technology
named Helicase-Dependent Amplification (HDA) for the detection of Trichomonas vaginalis in
clinician-collected vaginal swabs from symptomatic and asymptomatic women. The assay targets a
conserved multi-copy sequence of the T. vaginalis genomic DNA. The vaginal swab is eluted in a lysis
tube, and the cells are lysed by heat treatment. After heat treatment, an aliquot of the lysed
specimen is transferred into a dilution tube. An aliquot of this diluted sample is then added to a
reaction tube containing a lyophilized mix of HDA reagents including primers specific for the
amplification of a...

Type of Test — Nucleic acid amplification assay
(Helicase-dependent Amplification, HDA)



Gated Linear Attention: Recall-oriented Tasks

Model PPL LM Eval Retrieval
Transformer++ 16.9 50.9 41.8
RetNet 18.6 48.9 30.6
Mamba 17.1 50.0 27.6
Gated Linear Attention 17.2 51.1 37.7

1.3B models trained on 100B tokens



Gated Linear Attention: Length Generalization

10

—6— Transformer++ (2K)
RetNet (2K)
RetNet™ (12x2K)
Mamba (2K)
Mamba (8K)

GLA (2K)
GLA* (12x2K)
- @ - GLA (8K)

10
Position bucket (K)

15




Gated Linear Attention Transformers or State-Space Models?

Gated Linear Attention
St = G‘t ® St—l .n kﬁt’UZ

Mamba
— — — — — —k—

W (t) = Ah(t) + Bx(t) (1a) h, = Ah;_; + Bx; (2a) K = (CB,CAB,...,CA B,..
A = exp(AA) B = (AA) '(exp(AA) —I) - AB

Algorithm 1 SSM (54) Algorithm 2 SSM + Selection (S6)

Input: x:(B,L,D) Input: x:(B,L,D)

Output: y: (B,L,D) Output: y: (B,L,D)

1: A: (D,N) « Parameter 1: A: (D,N) « Parameter
> Represents structured N X N matrix > Represents structured N X N matrix

: B: (D,N) < Parameter
C : (D,N) « Parameter
A : (D) « 7a(Parameter)

: B:(B,L,N) « sg(x)
: C: (B,L,N) « sc(x)
A : (B,L,D) « zp(Parameter+sp(x))
AB: (D,N) « discretize(A, A, B) .AB: (B,L,D,N) « discretize(A, A, B)
: y « SSM(A, B,C)(x) : y « SSM(A, B,C)(x)
> Time-invariant: recurrence or convolution > Time-varying: recurrence (scan) only
7: returny 7: returny

o e
Qs W




Gated Linear Attention Transformers are State-Space Models!

St = Gt ©O) St—l + kt’U;

Model Parameterization Parameters
Mamba G, = exp( (1'a) © exp(A)), ay = softplus(x; Wy, W,,) A, W, W,,
Mamba-2 G; = %1 1, v = exp (—softplus (x:W,) exp (a)) W, a
mLSTM G = %1 1, ~=o(x,W,) W,

Gated RetNet G; = %1 1, v =o(xW,) W,
HGRN-2 Gi=ol, o=7+(1—7)o(xW,) Wa, vy
RWKV-6 G, = a}1, o = exp (— exp (2 W,)) W,

GLA (ours)  Gy=oyl, ;=0 (z,WaW,,) W, W,

[Gated linear attention C State-space models]




Gated Linear Attention Transformers are Scalable State-Space
Models!

St = Gt ©O) St—l + kt’U;

Model Parameterization Parameters
Mamba G = exp(—(1'ay) © exp(A)), ay = softplus(x: Wy, W,,) A, W, W,,
Mamba-2 Gy=71"1, = = exp(— softplus (x:W,) exp (a)) W, a
mLSTM Gi=y1'1, v =o0(xW,) W,

Gated RetNet Gy =v,1'1, ~ = o (z,W,) W,
HGRN-2 Gi=oyl, oy=~+(1—~)o(xW,) W,
RWKV-6 Gi=oyl, oy =exp(—exp(x;W,)) W,

GLA (ours) Gi=a,l, oy =0 (2WaW,) W, W,

[ Scalable state-space models C Gated linear attention ]




Gated Linear Attention Transformers are Scalable State-Space

Models!
T

St = Gt ©O) St—l + kt’Ut
Model Parameterization Parameters
Mamba G, = exp( (1'a) © exp(A)), ay = softplus(x; Wy, W,,) A, W, W,,
Mamba-2 G; = %1 1, v = exp (—softplus (x:W,) exp (a)) W, a
mLSTM G; = fytl 1, v=o0(xW,) W,
Gated RetNet Gt ’)/t]. 1 Yt =0 (thV)% ny
HGRN-2 G; = a; =+ (1—v)o(x:W,) Wa, vy
RWKV-6 G =« 1 a; = exp (—exp (x:W,,)) W,
GLA (ours) Gi=al, =0 (2WoW,,) W, W,

[ﬁcalable state-space models C Gated linear attention ]

Scalable here: efficient scaling of state size — recurrence has matmul form



Gated Linear Attention Transformers are Scalable State-Space

Models!
.

S: = Gy © S¢—1 + kv,
Model Parameterization Parameters
Mamba G, = exp( (1'a) © exp(A)), ay = softplus(x; Wy, W,,) A, W, W,,
Mamba-2 G; = %1 1, v = exp (—softplus (x:W,) exp (a)) W, a
mLSTM G = %1 1, ~=o(x,W,) W,
Gated RetNet G = %1 1, v =o(xW,) W,
HGRN-2 G; = a; =+ (1—v)o(x:W,) Wa, vy
RWKV-6 G =« 1 a; = exp (—exp (x:W,,)) W,
GLA (ours) Gi=al, =0 (2WoW,,) W, W,

[ﬁcalable state-space models C Gated linear attention ]

G; must be of the form a, 8/ to rewrite recurrence in matmul form



Summary

Linear attention enables subquadratic, parallel training, and linear
constant-memory inference. But suffers from poor performance and lack

of hardware-efficient implementations.

This work:
- Hardware-efficient implementation of linear attention.

- (ated parameterization that closes the gap between linear attention

and Transformers/Mamba.
- Connections between gated linear attention and state-space models.



Today: Efficient alternatives to attention in Transformers

Parallelizing Linear Transformers with the
Delta Rule over Sequence Length

Songlin Yang, Bailin Wang, Yu Zhang, Yikang Shen, Yoon Kim
arXiv '24




Deficiencies of Linear Attention / State-Space Models

Multi-Query Associative Recall Task

Input
A4B3C6F1E2—-A?C?F?E?B?



Deficiencies of Linear Attention / State-Space Models

Multi-Query Associative Recall Task

Input

A4B3C6F1E2—->A?7C?F?7E?B?
—~— ~—
Key-Value Query



Deficiencies of Linear Attention / State-Space Models

Multi-Query Associative Recall Task

Input
A4B3C6F1E2—-A?C?TF?E?B?

Output
4,6,1,2,3



Deficiencies of Linear Attention / State-Space Models

Multi-Query Associative Recall Task

Sequence Length: 512
Input Key-Value Pairs: 64

A4B3C6F1E2—-A?C?F?7E?B? 100 =

Mamba

GLA

RetNet
—+— RWKV-4

3
Ot

Accuracy
(@)
()

DO
ot

/ Hyena
4,6,1,2, 3 |

Output
64 128 256 512
Model dimension




How can we improve associative recall”?

DeltaNet [Schlag et al. "21]: Use vector representations to retrieve and
update memory (“Fast Weight Programmers”).



How can we improve associative recall”?

DeltaNet [Schlag et al. "21]: Use vector representations to retrieve and
update memory (“Fast Weight Programmers”).

Key, query, value vectors qi, ki, vi = Wth, Wkxy, Wyx,

Retrieve old memory ”Ugld = S;_1k;



How can we improve associative recall”?

DeltaNet [Schlag et al. "21]: Use vector representations to retrieve and
update memory (“Fast Weight Programmers”).

Key, query, value vectors qi, ki, vi = Wth, Wkxy, Wyx,

Retrieve old memory ”Ugld = S;_1k;

Combine old memory with VY = Buy + (1 — By) ,Ugld
current value vector



How can we improve associative recall”?

DeltaNet [Schlag et al. "21]: Use vector representations to retrieve and
update memory (“Fast Weight Programmers”).

Key, query, value vectors qi, ki, vi = Wth, Wkxy, Wyx,
Retrieve old memory Old St 1k
Combine old memory with new = By + (1 . 575) old

current value vector \

B = o(Wsmy) € (0,1)




How can we improve associative recall”?

DeltaNet [Schlag et al. "21]: Use vector representations to retrieve and
update memory (“Fast Weight Programmers”).

Key, query, value vectors qi, ki, vi = Wth, Wkxy, Wyx,
: old S k:
Retrieve old memory —1K¢
Combine old memory with new old
y = B + (1 — By) v

current value vector

i 1d T T
Remove old memory, write S¢ = Sy_1 —vMk, +0IVEk,
new memory —

remove write

Get output 0; = StCIt



DeltaNet Associative Recall Performance

Multi-Query Associative Recall Task

Sequence Length: 512, Key-Value Pairs: 64

100 —= —5 1 —]

~ 75| —— DeltaNet
&)
S —+— Mamba
25 GLA

Q

g >0 RetNet
> —+— RWKV4
< 25 Hyena

\

O L& + |
64 128 256 512
Model dimension



DeltaNet Associative Recall Performance

Mechanistic architecture design

Model | Compress Fuzzy Recall In-Context Recall Memorize Noisy Recall Selective Copy | Average
Transformer 51.6 29.8 94.1 85.2 86.8 99.6 74.5
Hyena [71] 45.2 7.9 81.7 89.5 78.8 93.1 66.0
Multihead Hyena [56] 44.8 14.4 99.0 89.4 98.6 93.0 73.2
Mamba [25] 52.7 6.7 90.4 89.5 90.1 86.3 69.3
GLA [101] 38.8 6.9 80.8 63.3 81.6 88.6 60.0
DeltaNet 42.2 891 100 862.8 100 100 718




DeltaNet Issue

Id
O St 1kt new old
U+ = U — v
new old t t t
= Brvy + (1 — By) vy
L oldg T newy, "
St = St_l\_vt kt,jrvt kt, - S =S¢1 + utk
rer?lgve write




DeltaNet Issue

old St 1kt
,U?ew _ Btvt i (1 o Bt) old

new old

Sy =81 -

oldz. T newy, "
vy ktj jtvt ktj

St St 1 utk

TV
remove write

DeltaNet: Ordinary linear attention with “pseudo”-value vectors U = [uy;...;

= (QK' ©M)U



DeltaNet Issue

1d

0 St 1kt new old

new old U = vt - vt
v = Brvr + (1 — Br) vy

T T

S — S B —’UOldk ,vnewk

¢ i=1 P L TV Ry - S¢ =S¢ 1‘|‘utk

remove write

=(QK' oM )U

DeltaNet: Ordinary linear attention with “pseudo”-value vectors U = [ui;...;ur]

Unlike in linear attention, the pseudo value vector w; depends on the
previous hidden state S;_1. — Not scalable!



Parallelizing DeltaNet

1d
0 St 1kt new old
new old U = vt - vt
v = Brvr + (1 — Br) vy
T T
S _ S B —’UOldk ,vnewk T
¢ i=1 P L TV Ry - St = Si—1 + uek,
remove write

=(QK' oM )U

DeltaNet: Ordinary linear attention with “pseudo”-value vectors U = [ui;...;ur]

If there is an efficient way to compute U, we would be good to go!



Parallelizing DeltaNet: A Simple Reparameterization

S, = Si_1 — vk, + vIVEk,
= Si1(I— Bikik, ) + Brvik,



Parallelizing DeltaNet: A Simple Reparameterization

S, = Si_1 — vk, + vIVEk,
= Si1(I— Bikik, ) + Brvik,

t

= Bilwik;) [ ] @X—8;k;k;)
1=1

j=it1



Parallelizing DeltaNet: A Simple Reparameterization

S, = Si_1 — vk, + vIVEk,
= Si1(I— Bikik, ) + Brvik,

" : :
1=1

j=1+1
\ Product of generalized

Householder matrices.




Parallelizing DeltaNet: Memory-efficient Representation

THE WY REPRESENTATION FOR PRODUCTS OF HOUSEHOLDER
MATRICES*

CHRISTIAN BISCHOFt AND CHARLES VAN LOANfT

H tkt — P'n, =] — Z?:l ’wtk::

t=1

Sn = Sn-1(I~ Buknky) + Buvnk, — S, =3 uk]



Parallelizing DeltaNet: Memory-efficient Representation

P, = H(I — Bikiky)

t=1



Parallelizing DeltaNet: Memory-efficient Representation

= H Btkt
=1

— In-1 ( _/Bnknkn)



Parallelizing DeltaNet: Memory-efficient Representation

= H Btkt
t=1
— In-1 ( - /Bnknkn)

n—1
= (I- ) wik,)(I - Buknk,,)
t=1



Parallelizing DeltaNet: Memory-efficient Representation

= H ﬂtkt
t=1
= n—l( _/Bnknkn)
n—1
= (I- ) wik,)(I - Buknk,,)
t=1

n—1

n—1
=1-> wik, — Bnknk, + (D _ wik,)Brknk,
t=1

t=1



Parallelizing DeltaNet: Memory-efficient Representation

= H ﬂtkt

= - ( _ﬁnknkn)

n—1

(I Z tk )( _/Bnknk;)

t=1

_I—watk — Bpknk, + Zwtk )Brknk,

n—1
—1— Z wik, — (Bnkn — 6.y (wt(k{ kn))) k!
t=1 t=1

B <Z
Wn

>4




Parallelizing DeltaNet: Memory-efficient Representation

= H ﬂtkt

= - ( _ﬁnknkn)

n—1

(I Z tk )( _/Bnknk;)

t=1

_I—watk — Bpknk, + Zwtk )Brknk,

n—1
—1— Z wik, — (Bnkn — 6.y (wt(k{ kn))) k!
t=1 t=1

B <Z
Wn

>4

=1- z": 'wtkz
t=1



Parallelizing DeltaNet: Memory-efficient Representation

Sy = Sn_1(I — Brknk,) + Brvnk,

n—1
— (Z uk, ) (I— Bpknk,) + Bovnk.
=1
n—1 n—1
=) uk, — (Z uk, ) Brknk, + Bnvnk,,
=1 t=1

n—1 n—1
zzzzzlhkg'+ (5nvn'_ﬁﬁé§:>ut(k:kn)>‘k;
=il t=1

\ . J
-~

Un

n

=

= E ‘Ufkn
t=1



Parallelizing DeltaNet: Chunkwise Parallel form

P, = [[(@X- B:k:k;)

i=1
=Pn_1(I- Bnknk,)

. =(I- iwtk:)(l _,Bnknk;)
Recurrent \W construction s
=1-) " wk; — Buknk, + () wik;)Buknk,

t=1 t=1
=I- ni wik, — (ﬁnkn — Bn ni (wt(k{kn))> k),

Wn,

n
t=1

=

Py

=<

1



Parallelizing DeltaNet: Chunkwise Parallel form

Sn = Sn—l(I - ﬂnknk;) 5 ﬂnvnk;

n—1
— <Z k] ) (I — Buknk,) + Bnvnk,
t=1
n—1 n—1
= wk; - (Z ik, ) Brknk, + Brvnk,
t=1 t=1
n—1

n—1

= Z utk-tr Fis (ﬂnvn - /Bn Z Ut (k:kn)> k’:b
=1 t=1
U

Recurrent U construction




Parallelizing DeltaNet: Chunkwise Parallel form

n—l(I - ﬂnknk;) + ﬁn'vnk;

\T) |
< L
s -
— — u
| Il
nZt 42.:.
n ~— ¢ -

-
U[t] K 7]

local state computation



Parallelizing DeltaNet: Chunkwise Parallel form

State passing

Sz = S = W Kp) + UL Ky Sz = S (I — W,

[;—] Ki3)) + Uk K3

[3]

= Su + Wpr = SuWKp) = Sy + (Ui = S WKy

TNy

388

888

BB,



Parallelizing DeltaNet: Chunkwise Parallel form

_ T
V[?ivlv] = Utir1) — Si I’V[i+1]

Output computation is the same as vanilla linear attention with new values!

Sty = Sin( = Wi Kpp + Uy Ky Sy = Spg( = W Kisp) + U Ko

= Su + Wpr = SuWKp) = Sy + (Ui = S WKy
|
|
|
m/\
|
88 833 '

BB,



Parallelized DeltaNet: Speed

Dimension Length

Speed-up (vs. recurrent)

64 2048
4096
8192
128 2048
4096
256 2048

5.5X
7.6X
11.5x
8.9x
13.2%
13.7%

On a single H100



Parallelized DeltaNet: Performance

Model PPL LM Eval Retrieval
Transformer++ 16.9 50.9 41.8
RetNet 18.6 48.9 30.6
Mamba 171 50.0 27.6
Gated Linear Attention 17.2 51.1 37.7
DeltaNet 16.9 51.6 34.7

1.3B models trained on 100B tokens



Hybridizing DeltaNet
r t t ot ot

Sliding Window Attention

DeltaNet

Hybrid 1: Sliding window | | | |

Sliding Window Attention

attention every other layer . . . | . .

DeltaNet

Sliding Window Attention

DeltaNet

Sliding Window Attention

DeltaNet

Sliding Window Attention

DeltaNet

Slldmg Wlndovv Attentlon

DeItaNet




Hybridizing DeltaNet
ottt ot 4

Sliding Window Attention

DeltaNet

Hybrid 1: Sliding window

attention every other layer Sliding Window Attention

DeltaNet

(e.q., Griffin, Samba)

Sliding Window Attention

DeltaNet

Sliding Window Attention

DeltaNet

Sliding Window Attention

DeltaNet

SI|d|ng Wlndow Attentlon

DeItaNet




Hybridizing DeltaNet
ottt ot 4

DeltaNet
Hybrid 2: Global attention on - :DeltaNe:t —
the 2nd and middle layer —
(9., Hungry Hungry Hippos) "
DeltaNet

Global Attention

DeltaNet

DeltaNet

DeltaNet

DeltaNet

Global Attentlon

DeItaNet




Hybrid DeltaNet: Performance

Model PPL| LM Eval? Retrieval
Transformer++ 16.9 50.9 41.8
RetNet 18.6 48.9 30.6
Mamba 171  50.0 27.6
Gated Linear Attention 172 511 37.7
DeltaNet 16.9 51.6 34.7
Hybrid 1: DeltaNet + Sliding window attention 16.6 52.1 40.0
Hybrid 2: DeltaNet + Global attention on 2 layers 16.6  51.8 47.9

1.3B models trained on 100B tokens



Generalizing Gated Linear Attention / State-Space Models

Gated Linear Attention / State-Space Models

.
S: = Si-1 0 Gy + vk, Recurrence with elementwise product
0 = S:q; Memory read-out
Q00 Q00 Q00
s B8 —BB8—E8k
- A
Q00
G: 1888 0

[COOK—+O0
OO




Generalizing Gated Linear Attention / State-Space Models

Gated Linear Attention / State-Space Models

.

S; = S:_1 © G+ vk Recurrence with elementwise product

¢
0 = S:q; Memory read-out
Q00 Q00 Q00
| s [B38—888 g8k
Multiplicative updates take O(d*) and ®
are therefore efficient, but does not allow o 893
. . t

for interactions across channels. OQO Q

[COOK—+O0
OO




Generalizing Gated Linear Attention / State-Space Models

Generalized Linear Transformers

N
S: =S;_1G: + ’Utkt Recurrence with matmul
0 = S:q; Memory read-out
Q00 Q00
51 (38871838

000
000
OO0

o;::>>»

§
500
000
000

[COOK—+O0
OO




Generalizing Gated Linear Attention / State-Space Models

Generalized Linear Transformers

N
St =S¢_1G H ’Utkt Recurrence with matmul
0 = S:q; Memory read-out
Q00 Q00
51 (38871838

‘Matmul-based updates can model
interactions across channels, but take
O(d?) and are thus too expensive.

o;::>>»

§
500
000
000

[COOK—+O0
OO

000
000
OO0




Generalizing Gated Linear Attention / State-Space Models

Generalized Linear Transformers with Structured Matmuls

T T
S: =S;_1(I—ab,) + vk, Recurrence with identity + low-rank

0 = S:q; Memory read-out
Q00 Q00 Q00
St-1 388 833 838

o;»

o0
OO

§
500
000
000

N

[e}ele)



Generalizing Gated Linear Attention / State-Space Models

Generalized Linear Transformers with Structured Matmuls

T T
S: =|S:_1(I — ab, )|+ vik; Recurrence with identity + low-rank

0 = S:q; Memory read-out
Q00 Q00 Q00
St-1 388 838 1883

Can model interactions across
channels in O(kd?)! DeltaNet uses G

S= St_l(I — Btkt ) + Bt’vtk K
and is thus a special case.

o;»

o0
OO

00O
OO0
OO0

[e}ele)




Generalizing Gated Linear Attention / State-Space Models

Open/Future Work

What about more general associative operators?

St — St—l ® Mt -+ ’Utkz



Summary

Linear attention and SSMs have trouble with recall-oriented tasks.

DeltaNet operationalizes a key-value retrieval/update mechanism, but
unclear how to parallelize for efficient training.

This work:
- Recasts DeltaNet as linear attention with “pseudo”-value vectors =
the chunkwise algorithm from GLA still applies!
- DeltaNet outperforms GLA/Mamba.
- Hybrid DeltaNet outperforms Transformers.






Thanks!



